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Abstract. This paper studies the parametric instability of functionally graded beams with open edge cracks 
subjected to an axial excitation. The beam is clamped at both ends and movable in the longitudinal direction 
with materials properties varying exponentially through the thickness direction. Theoretical formulations are 
based on Timoshenko beam theory and the linear rotational spring model. The governing equations of motion 
are derived by using the Hamilton’s principle and solved by using Galerkin’s technique and the Least Squares 
method. The boundary points on the unstable regions are determined by Bolotin’s method. Numerical results 
are presented to show the influences of crack location, crack depth, material property gradient, and beam 
slenderness ratio on the principal unstable region of the cracked functionally graded beams.  
Keywords: parametric instability; functionally graded materials; Timoshenko beam theory; edge crack. 
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INTRODUCTION  
Parametric excitation occurs when such system parameters as stiffness, inertia and damping terms vary with time. 
It is known that an axial force exerted on a beam changes beam stiffness. Hence, a time-varying axial load produces 
parametric excitation. The parametrically excited structure is governed by a set of Mathieu equations if its axial 
excitation is harmonic. By taking into account the nonlinear inertia terms, Nayfeh and Pal [1] analyzed the nonlinear 
vibration of a cantilever beam subjected to parametric excitations. Zavodney and Nayeh [2] derived the nonlinear 
partial differential equation of a slender cantilever beam carrying a lumped mass at an arbitrary position subjected to 
a principal parametric excitation. Abou-Rayan et al. [3] obtained nonlinear response of a parametrically excited 
buckled beam and observed complicated dynamic behaviors such as period-multiplying bifurcations, jump 
phenomena and chaos.  
Functionally graded materials (FGMs) have attracted increasing research efforts over the past ten years due to 
their outstanding properties. Numerous studies on the dynamic behavior and fracture of FGM structures have been 
reported [4-9]. Investigations concerning the effect of crack defects on the dynamic behavior of FGM structures, 
however, are very limited in number. Sridhar et al. [10] analyzed wave propagation in FGM beams and layered 
structures containing embedded horizontal or vertical edge cracks using pseudospectral finite element method. Yang 
and Chen analytically discussed the influence of open edge cracks on the free and forced linear vibration of FGM 
beams under an axial force and a moving load [11] and the elastic stability characteristics of an Euler-Bernoulli FGM 
beam with different boundary conditions [12]. Most recently, Ke et al. [13] studied the flexural vibration and elastic 
buckling of a cracked FGM Timoshenko beam.  
This paper investigates the parametric instability of clamped FGM beams with an open edge crack under axial 
parametric excitation by using Timoshenko beam theory and the rotational spring model. The materials properties are 
assumed to vary exponentially through the thickness direction. Galerkin’s technique, the Least Squares method and 
Bolotin’s method are employed to solve the governing equations of motion to determine the boundary points on the 
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unstable regions.  Numerical results are provided to study the effects of material property gradient, crack depth, crack 
location, material property gradient and beam slenderness ratio on the parametric stability behavior of the cracked 
FGM Timoshenko beams.  
THE ROTATIONAL SPRING MODEL  
Fig. 1 shows a clamped FGM Timoshenko beam of length L, width b, thickness h, and containing an open edge 
crack of depth a located at a distance L1 from the left end. The beam is movable in the longitudinal direction at the 
right end when subjected to an axial force 0 1 cosP P P t= −
1
Ω
t
 consisting of a static compressive force  and a 
dynamic force  with magnitude of 
0P
1 cosP Ω P  and excitation frequency Ω . These forces are positive for 
compressive and negative for tensile.  
 
tPP Ω− cos10
1 1 1( , , )E ν ρ
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FIGURE 1. A clamped FGM beam with an open edge crack under axial excitation 
 
The Young’s modulus ( )E z , shear modulus ( )zν  and mass density ( )zρ  of the beam vary exponentially in 
the thickness direction according to 
0( )
zE z E eβ= , 0( ) zz eβν ν= , 0( ) zz eβρ ρ=                                                    (1) 
where , 0E 0ν  and 0ρ  are the Young’s modulus, shear modulus and mass density at the mid-plane (z = 0) of the 
beam. β  is a constant describing the material property gradient along the thickness direction, and 0β =  
corresponds to an isotropic homogeneous beam. Poisson’s ratioμ  is taken as a constant in the analysis since its 
influence on the stress intensity factors (SIFs) is quite limited [5].  
It is assumed that the crack is perpendicular to the beam surface and always remains open. The cracked beam is 
treated as two sub-beams connected by an elastic rotational spring at the cracked section with bending flexibility [14] 
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where IM  is the bending moment at the cracked section, the bending stiffness 1/Tk G= .  is the stress intensity 
factor (SIF) under mode I bending load, is Young’s modulus at the crack tip. Based on the data given by 
Erdogan and Wu [5], the magnitude of SIF can be obtained by using Lagrange interpolation technique [15] 
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GOVERNING EQUATIONS  
According to Timoshenko beam theory, the longitudinal displacement ( , , )u x z t and transverse deflection 
( , , )w x z t of an arbitrary point of the beam take the form of 
),(),(),,( txztxutzxu ϕ−= ,  ),(),,( txwtzxw =                                     (5) 
where  and are displacement components in the mid-plane, ),( txu ),( txw ),( txϕ  is the cross-section rotation, and 
t is time. The governing differential equations of motion and the associated boundary conditions can be derived using 
Hamilton’s Principle 
∫ =+−1
0
t
t
R)dtV(Tδ 0                                                                     (6) 
where the variation of kinetic energy δ , the variation of potential energy δ and the virtual work done by the 
external load  are 
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Neglecting the axial inertia term, the governing differential equations of motions of the beam can be obtained as 
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where  are inertia terms. Axial force N, shear force Q and bending moment M are defined as  0 1 2( , , )I I I
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and the stiffness elements of the beam are     
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For the cracked FGM beam considered in the present analysis, the boundary conditions require  
1 0,u =  1 0,w =  1 0ϕ =  at 0x =                                                         (11a) 
2 0,N =  2 0,w =  2 0ϕ =  at x L=                                                      (11b) 
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At the cracked section ( 1x L= ), the compatibility conditions enforce the continuities of the axial displacement, 
transverse deflection, axial force, bending moment, and shear force across the crack. The discontinuity in the slope is 
proportional to the bending moment transmitted by the cracked section. Thus, we have 
1 2 ,u u=  1 2 ,w w=                                                                      (12a) 
   1 2N N= , 1 2 ,M M=  11 2 ,w wQ P Q P 2x x
∂ ∂− = −∂ ∂                                         (12b)                      
1 2( )Tk 1Mϕ ϕ− =                                                                    (12c) 
In Eqs (11) and (12), subscript i = 1, 2 refer to the left sub-beam and right sub-beam divided by an open edge crack. 
Let ω  be the natural frequency of the cracked beam, λ  be its dimensionless form,  and I  denote the  
and  of an intact homogeneous beam, respectively. With the use of following dimensionless quantities  
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the dimensionless governing equations of motion can be written as 
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The dynamic deformation components for the i-th sub-beam can be expressed in the following form 
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where n is the total number of truncated terms, )(tqk  is the function of t to be determined, ikikik wu φ~,~,~  are mode 
shape functions that need to satisfy both boundary conditions and compatibility conditions at the cracked section. To 
this end, the weighted sums of linear mode shape functions of the i-th sub-beam are used, i.e. 
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Substituting Eq. (15) into Eq. (13) and boundary and compatibility conditions and minimizing the total squared 
residual ( , , )k k k krr j j jE a b c  leads to two equations which can be used to express a  and c  by . Using single mode 
approximation and applying Galerkin’s method yields the following dynamic governing equation  
k
j
k
j
k
jb
1 2 1( cos )q k k p t q 0+ + Ω =??                                                              (17) 
where an over dot “.” denotes differentiation with respect to time. Constants  (i = 1,2) are directly dependent on 
the depth and location of the crack, the axial static compressive load and beam parameters such as material property 
gradient and beam geometry.  
ik
Eq. (17) is a Mathieu-Hill type equation describing the dynamic stability behavior of the laminated plate under a 
time-dependent periodic in-plane force. The Bolotin method [16] is employed to locate the points on the boundaries 
of unstable regions. Since previous studies showed that the principle unstable regions (PURs) associated with the 
period  are usually larger than those associated with  and are of greater practical importance, this paper 
considers the solutions with the period  only. The standard process which is available in many references such as 
Ref [16] is omitted here due to page limit. 
θT2 θT
θT2
 
NUMERICAL RESULTS AND DISCUSSION 
Unless otherwise stated, it is assumed in the following computations that the beam thickness h = 0.1m, 
slenderness ratio L/h = 6; Young’s modulus ratio 2 1E E = 5.0, 1.0, and 0.2. The beam is 100% aluminum at the top 
surface with the material parameters = 70 GPa; 1E 1μ = 0.33; 1ρ = 2780 kg/m3. The static axial compressive force 
0 0.8 crp p=  and crp  is the critical buckling load. As special cases, crack depth a/h = 0.0 implies that the beam is 
intact and there is no edge crack in the beam and 2 1E E = 1.0 corresponds to a homogeneous beam. The PURs of 
cracked FGM beams with varying parameters are given in Figs 2-5. 
. 
0.00
0.05
0.10
0.15
0.20
0.25
-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
0.00
0.05
0.10
0.15
0.20
0.25
-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
Ω
p 1
Crack Depth (a/h =)
     0.0
     0.1
     0.3
     0.5
Ω
p 1
Crack Location (L1/L =)
   
 
 
 
 
 
 
 
 
 0.0
    0.1
     0.2
     0.3
    0.4
     0.5
 
 
 
 
 
 
 
FIGURE 2. Effect of crack location on the PURs of cracked             FIGURE 3. Effect of crack depth on the PURs of cracked 
FGM beams ( 2 1E E = 0.5, a/h = 0.1)                                                FGM beams ( 2 1E E = 5.0, L1/L = 0.3) 
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FIGURE 4. Effect of material property gradient on the PURs          FIGURE 5. Effect of slenderness ratio on the PURs of 
cracked of cracked FGM beams ( 2 1E E = 0.5, a/h = 0.1)                           FGM beams ( 2 1E E = 5.0, L1/L = 0.4, a/h = 0.3) 
 
Results show that the PURs of cracked FGM beams are significantly influenced by crack depth, material property 
gradient and beam slenderness ratio while the effect of the crack location is seen to be insignificant. The natural 
frequency, which is the frequency at , increases at large slenderness ratio while it is much less affected by the 
crack location, crack depth and material property gradient. It can also be observed that the PUR becomes narrower as 
the crack depth and Young’s modulus ratio increase due to the weakened beam stiffness. The PUR for beam with L/h 
= 20 is quite different from the one for beams with a relatively small L/h value.  
1 0p =
CONCLUSIONS 
The parametric instability of functionally graded beams with an open edge crack subjected to an axial excitation 
force is studied in this paper by using Timoshenko beam theory and the linear rotational spring model. A parametric 
study is conducted and numerical results are presented in graphical form. It is found that the PURs of cracked beams, 
while insensitive to crack location, are significantly affected by the crack depth, material property gradient and beam 
slenderness ratio. 
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